We study spatiotemporal light localization in truncated one-dimensional arrays of optical waveguides in the presence of gain and loss. We demonstrate the existence of classes of continuous-discrete spatiotemporal Ginzburg-Landau solitons, which include the so-called dissipative surface light bullets localized near the edges of the truncated waveguide arrays. We find the domains of existence of such solitons in the relevant parameter space, for both on-site and intersite spatiotemporal dissipative solitons and for the states localized at the different distances from the surface. We show that the on-site solitons are stable in the whole domain of their existence, whereas all intersite solitons are unstable. We describe the complex instability-induced scenarios of the dynamics of dissipative surface solitons.
I. INTRODUCTION
Nonlinear optical surface waves guided by single and multiple interfaces separating different dielectric media exhibit many unique properties and might be potentially useful for practical applications. These waves are a purely nonlinear phenomenon with no counterpart in the linear limit; therefore they exist only if the mode power exceeds a certain threshold. Nonlinear transverse-electric, transverse-magnetic, and mixed polarization surface waves traveling along single and multiple dielectric interfaces were theoretically predicted and analyzed in the 1980s ͓1-8͔. However, direct observation of these nonlinear optical surface waves has been hindered by huge experimental difficulties, related to their proper excitation and high power thresholds required for their excitation at the surface.
Recently, the interest in the study of nonlinear selftrapped optical surface waves has been renewed after the theoretical prediction ͓9,10͔ and subsequent experimental demonstration ͓11͔ of nonlinearity-induced light localization near the edge of a truncated one-dimensional waveguide array with self-focusing nonlinearity that can lead to the formation of the so-called discrete surface soliton. The generation of the surface soliton can be understood with the help of a simple physics ͓12͔ as a trapping of a discrete optical soliton ͓13͔ near the repulsive edge of the lattice when the beam power exceeds some threshold value. These surface solitons become possible solely due to discreteness effects and they exist in neither continuous nor linear limits. Some of the specific features of such optical surface solitons in other relevant physical settings have been recently investigated both theoretically ͓14-17͔ and experimentally ͓18-20͔.
More recently, the concept of surface solitons has been extended to the case of spatiotemporal surface solitons ͓21,22͔ described by the continuous-discrete nonlinear equations similar to those investigated earlier for cubic ͓23-25͔ and quadratic ͓26,27͔ nonlinear optical media, but with the properties strongly affected by the presence of the surface in the form of the lattice truncation.
One of the important questions remains how the presence of gain and loss, due to optical amplifiers and saturable absorbers, in periodic photonic structures such as waveguide arrays would affect the properties of discrete surface solitons. It is well known that discrete dissipative solitons are possible in both one-and two-dimensional lattices ͓28-31͔ and, as a result of discreteness, the dissipative systems exhibit novel features that have no counterpart in either the continuous limit or in other conservative discrete models.
Following our earlier studies ͓21,22͔, we consider a continuous-discrete spatiotemporal model described by the complex Ginzburg-Landau ͑GL͒ equation. The GL equation is a ubiquitous model in many physical problems ͓32͔, and in different forms it appears as the simplest model for describing dissipative solitons ͓33͔ and laser patterns in cavities ͓34͔. In application to the waveguide arrays, a periodic index modulation can be modeled by a discrete GL equation that describes the presence of gain and loss due to optical amplifiers and saturable absorbers ͓28͔. Dissipative discrete solitons have been analyzed up to now only in infinite arrays and lattices.
In this paper, we study the properties of the spatiotemporal GL solitons including the surface solitons located near the edge of a one-dimensional array of optical waveguides in the presence of gain and loss. We find the domains of existence of such solitons in the relevant parameter space, for both on-site and inter-site spatiotemporal dissipative solitons and for the states localized at the different distances from the surface. We study the soliton stability and describe the complex instability-induced scenarios of the dynamics of dissipative surface solitons.
II. MODEL
We consider a system of coupled GL equations that describes, in the framework of the tight-binding approximation of the coupled-mode theory, the spatiotemporal dynamics of a semi-infinite waveguide array in the presence of gain and loss,
where
and E n is the amplitude of the electric field in the nth waveguide ͑n Ն 2͒; the waveguide with n = 1 designates the edge of the array and therefore E 0 = 0. In Eqs. ͑1͒ and ͑2͒ the real parameter ␦ Ͼ 0 stands for linear losses and other coefficients of the discrete GL equation ͑1͒ are in general complex, and they are defined as follows:
We scale the real part of D to 1/2, i.e., we consider anomalous group-velocity dispersion ͑GVD͒ ͑D =1͒ and scale the self-focusing Kerr nonlinearity coefficient to = + 1. The imaginary part ␥ of the complex coefficient D accounts for the spectral filtering, i.e., dispersion of the linear loss. The real part ␣ r of the complex coefficient ␣ is normalized to 1/2; it accounts for tunneling between the adjacent waveguides, while the imaginary part ␣ i of the coefficient ␣ stands for gain ͑losses͒ introduced by coupling. Here Ͼ0 is the nonlinear ͑cubic͒ gain, Ͼ 0 is the nonlinear ͑quintic͒ loss, while Յ 0 accounts for the selfdefocusing quintic correction to the cubic ͑Kerr͒ nonlinearity ͑saturation of the optical nonlinearity͒.
III. DISSIPATIVE SURFACE SOLITONS
We look for spatiotemporal localized solutions of the discrete GL equations ͑1͒ and ͑2͒ in the form E n ͑t ; z͒ = E n ͑t͒exp͑i␤z͒, where ␤ is the nonlinearity-induced shift of the waveguide propagation constant, and the envelope E n ͑t͒ describes the temporal evolution of the solitonlike pulse in the nth waveguide. Although in a discrete model various combinations of the signs of dispersion and nonlinearity as well as the spatial topology may potentially lead to spatiotemporal localized solutions, in this paper we restrict ourselves, for the sake of clarity and simplicity, to the case of anomalous GVD ͑D = +1͒, self-focusing nonlinearity ͑ = +1͒ and the case of in-phase ͑unstaggered͒ localized modes.
For this choice of parameters, we find numerically localized solutions E n ͑t͒ of the coupled GL equations ͑1͒ assuming that the amplitude of the pulses in each waveguide, max͉E n ͉, decays rapidly far from the edge of the waveguide array, so that the corresponding solution describes a spatiotemporal mode localized near the surface. For simplicity, we fix some of the parameters of the GL model as follows: ␥ =0, ␣ i = 0, and = −0.1, and vary the linear loss coefficient ␦, the nonlinear gain , and the nonlinear ͑quintic͒ loss parameter . Thus we start with an arbitrary input pulse ͑typically, a Gaussian pulse͒, and simulate Eqs. ͑1͒ and ͑2͒ forward in z, expecting that a stable dissipative soliton localized at the edge of the waveguide array would emerge after a certain propagation distance in the form of E n ͑t ; z͒ = E n ͑t͒exp͑i␤z͒, where the propagation constant ␤ is the corresponding eigenvalue determined by the parameters of Eqs. ͑1͒ and ͑2͒. We employ a standard Crank-Nicolson scheme for numerical integration, with typical transverse and longitudinal step sizes ⌬t = 0.1 and ⌬z = 0.01. The nonlinear finite-difference equations are solved by using the Picard iteration method ͓35͔, and the resulting linear system is handled with the help of the Gauss-Seidel iterative procedure. To achieve good convergence, we typically need ten Picard and four Gauss-Seidel iterations. The propagation constant ␤ is determined as the z derivative of the phase of E n ͑t ; z͒, and the solution is reckoned to achieve a stationary form if ␤ ceases to depend on z and t, up to five significant digits.
For the case of the self-focusing nonlinearity and anomalous GVD, we show in Fig. 1 several examples of relatively low peak amplitude ͑left panels in Fig. 1͒ and relatively high peak amplitude ͑right panels in Fig. 1͒ stable odd ͑on-site͒ nonlinear spatiotemporal continuous-discrete dissipative localized states, that can be termed "dissipative discrete surface light bullets" ͓36,37͔. In Fig. 1 we have fixed the values of the parameters ␦ ͑linear loss͒ and ͑nonlinear quintic loss͒ and we have varied the parameter ͑nonlinear cubic gain͒. The low peak amplitude solitons correspond to relatively small values of the nonlinear cubic gain parameter Here ␦ =1, = 1, and ͑a͒ = 2.365, ͑b͒ = 2.953, ͑c͒ = 2.440, ͑d͒ = 2.914, ͑e͒ = 2.462, and ͑f͒ = 2.930.
͑near to the lower limit of their existence domain͒, whereas the high peak amplitude solitons correspond to relatively large values of the nonlinear cubic gain parameter ͑near to the upper limit of their existence domain͒; see Figs. 2 and 5 below. We mention that similar shapes of the on-site solitons are obtained for other parameter sets, too. These localized solutions are centered at the edge waveguide ͑d =0͒, or near to the edge waveguide ͑d =1͒, etc., and they describe the dissipative discrete surface light bullets. As a matter of fact, these localized modes are a generalization to dissipative dynamical systems of the spatiotemporal surface solitons recently predicted to exist in nondissipative ͑Hamiltonian͒ semi-infinite discrete dynamical systems ͓21,22,38,39͔. Importantly, for larger values of d the properties of such discrete GL solitons do not depend on the surface, so they converge to the continuous-discrete spatiotemporal GL solitons in infinite chains, never studied before, to the best of our knowledge.
The dissipative optical solitons can be characterized by the total power defined as
which remains constant for stationary solitons. The dependencies P = P͑͒ and ␤ = ␤͑͒ for odd ͑on-site͒ dissipative discrete solitons are shown in Figs. 2͑a͒ and 2͑b͒ for ␦ =1 and = 1. By increasing the loss parameter ␦ to the value ␦ = 2 we find both odd ͑on-site͒ and even ͑intersite͒ discrete solitons ͓13͔ located at distances d =0,1,2,... from the edge of the waveguide array, as shown in Figs. 2͑c͒ and 2͑d͒. We notice that the dependencies P = P͑͒ and ␤ = ␤͑͒ for on-site bulk mode at d = 25 are not shown in Figs. 2͑c͒ and 2͑d͒ because they practically overlap those corresponding to the case d = 1. If we compare the corresponding power curves of different surface modes including the case of a spatiotemporal soliton located deep inside the waveguide array ͓see the curves in Fig. 2 corresponding to the case d =25͔, we notice that in a large domain of variation of the nonlinear ͑cubic͒ gain , the power of surface modes localized at distances d = 0 and d = 1 is lower than that of the bulk mode, similar to the case of surface light bullets in the corresponding conservative system ͓21͔.
The shapes of the odd ͑on-site͒ modes for ␦ = 2 are similar to those shown in Fig. 1 ͑for ␦ =1͒, whereas the corresponding shapes of the even ͑intersite͒ modes are shown in Fig. 3 .
The on-site spatiotemporal dissipative surface solitons exist and are stable in some intervals of the variation of the cubic gain . In fact, there exists a minimum value low of the nonlinear gain for supporting a stable soliton, for the values of smaller than the minimum value low the input pulse decay to nil ͓see the lower curves in Figs. 4͑a͒ and 4͑b͔͒. For values of the cubic gain parameter inside the stability interval ͓ low , upp ͔ the Gaussian input rapidly converges to the corresponding on-site discrete surface soliton ͓see the middle curves in Figs. 4͑a͒ and 4͑b͔͒ and its propagation constant ␤ can be uniquely determined. However, for values of the nonlinear gain parameter larger than a maximum value upp , the dissipative soliton cannot be formed as well; in this case the soliton propagation constant ␤ cannot be determined numerically. Actually for the values of the cubic gain beyond the upper limit upp the peak amplitude and the power increases indefinitely in an oscillatory manner ͓see the upper curves in Figs. 4͑a͒ and 4͑b͔͒ . In this case we get the conversion of the Gaussian input into an expanding Here ␦ =2, = 1, and = 3.5 .   FIG. 4 . Evolution of the on-site peak amplitudes ͑a͒ and powers versus propagation distance. Here ␦ =2, =1, = 3.78 ͓upper, oscillatory curves in ͑a͒ and ͑b͔͒, = 3.5 ͓middle curves in ͑a͒ and ͑b͔͒, and = 3.1543 ͓lower curves in ͑a͒ and ͑b͒.
pattern composed of two fronts moving in opposite directions along the temporal axis, similar to the case of dissipative spatiotemporal solitons in the continuous limit ͓40,41͔.
In Fig. 5 we show typical domains of existence and stability of on-site dissipative solitons in the plane ͑ , ͒ for ␦ = 1. We have also investigated the influence of the variation of the parameter ␦ on these domains; we have found that by increasing the parameter ␦, the existence and stability bands in Fig. 5 translate to higher values of the cubic gain parameter . However, if we keep fixed the parameter ␦ and decrease the quintic loss parameter , the existence domains of both in-site and intrasite solitons shifts to lower values of the cubic gain parameter , accompanied by an increase in the power threshold for the soliton existence. For example, for ␦ = 2, the on-site soliton centered at d = 0 has a power threshold P th Ӎ 4.14 and an existence and stability interval 1.986ϽϽ2.368 for = 0.4, as compared to the values P th Ӎ 2.855, and 3.155ϽϽ3.767 for =1.
The stability of the odd and even spatiotemporal surface GL solitons has been investigated by performing the linear stability analysis ͑via the calculation of the perturbation eigenvalues͒ and by checking in direct simulations the outcome of the linear stability analysis. To this aim we have considered a perturbed solution of the form E n ͑t;z͒ = ͓E n ͑t͒ + f n ͑t͒exp͑z͔͒exp͑i␤z͒, ͑4͒
where ͑that may be, in general, a complex number͒ is the growth rate of the small perturbation represented by the eigenmode f n . The substitution of the above expression into the coupled system of GL equations ͑1͒ leads to linearized equations for the perturbation eigenmodes f n and perturbation eigenvalues , which were solved by standard numerical techniques. We have found that for the on-site solitons max Re͑͒ =0, implying their stability in the whole domain of their existence, whereas the intersite solitons were found to be unstable in the whole domain of their existence, because max Re͑͒ Ͼ 0 ͑see Fig. 6͒ .
In order to identify the influence of the linear loss parameter ␦ on the existence and stability of the intersite solitons we have performed additional calculations to determine both their existence domain and their largest instability growth rate asa function of the cubic gain parameter . We have found that the existence domain of intersite solitons reduces substantially from 3.130ϽϽ3.637 ͑for ␦ = 2 and =1͒ to 2.692ϽϽ2.748 ͑for ␦ = 1.4 and =1͒, and completely vanishes for ␦ =1 ͓see also Figs. 2͑a͒ and 2͑b͔͒. Moreover, we have found that the order of magnitude of the instability growth rate remains unchanged if we gradually reduce the linear loss parameter to the value ␦ = 1 for which the intersite solitons cannot exist. We have cross-checked the outcome of the linear stability analysis by employing direct simulations of the propagation dynamics. We have found that the on-site dissipative solitons survive in the presence of relatively large ͑20%͒ white input noise added on the stationary solutions, whereas the intersite solitons are indeed unstable. As a typical example, in Figs. 7͑a͒ and 7͑b͒ we show the evolution of the peak amplitude and power vs propagation distance in the case of an initially perturbed on-site surface soliton centered at d = 0 that resisted to white noise perturbations.
We have analyzed systematically the possible outcomes of the evolution of the unstable intersite surface solitons centered at distance d = 0 from the edge of the waveguide array, which were propagated in the lack of input noise. As a typical example we have fixed the parameters ␦ = 2 and =1, and we have varied the cubic gain parameter . Recall that for this set of parameters the intersite solitons exist in the interval low = 3.130ϽϽ3.637= upp . We have found that for relatively low values of the cubic gain parameter in the vicinity of the minimum permitted value low the input unstable intersite solitons decay to nil. If we increase the cubic gain, e.g., to the value = 3.22, the relatively low peakamplitude unstable intersite soliton centered at d = 0 eventually reshapes to a moving low power stable on-site surface soliton ͑again centered at d =0͒, which corresponds to the same set of parameters of the GL equation ͓see the lower curves in Figs. 7͑c͒ and 7͑d͒ and Figs. 8͑a͒ and 8͑b͔͒. However, for larger values of the cubic gain, the relatively high peak-amplitude unstable intersite soliton centered at d =0 splits into two, moving in opposite directions, stable on-site solitons, centered at two consecutive sites ͑d = 0 and d =1͒, corresponding to the same set of parameters of the GL equation ͓see the upper curves in Figs. 7͑c͒ and 7͑d͒ and Figs. 8͑c͒ and 8͑d͔͒. Finally, for relatively large values of the cubic gain parameter in the vicinity of the maximum permitted value upp the input unstable intersite soliton generates an expanding pattern composed of two fronts moving in opposite directions along the temporal axis ͑the corresponding power increases indefinitely͒.
IV. CONCLUSIONS
We have analyzed the existence and stability of the spatiotemporal dissipative solitons in one-dimensional arrays of optical waveguides with cubic nonlinear response in the presence of gain and loss, due to optical amplifiers and saturable absorbers, including the case of truncated waveguide arrays and surface solitons existing near the edge of the waveguide array. We have demonstrated that the presence of gain and loss allows the existence of classes of continuousdiscrete spatiotemporal surface Ginzburg-Landau solitons, which can be also termed as dissipative light bullets. These classes include the surface solitons which are localized near the edges of the waveguide array. By a systematic analysis, we have identified stability domains for on-site ͑odd͒ spatiotemporal dissipative solitons in the plane of the quinticloss and cubic-gain coefficients of the corresponding complex Ginzburg-Landau equation, which models their dynamics, and we have shown that all intersite ͑even͒ spatiotemporal dissipative surface solitons are unstable. Unique instability scenarios of intersite solitons, such as the formation of a moving stable on-site soliton ͑centered at the same site͒ and the occurrence of two, moving in opposite directions, on-site solitons centered at two consecutive sites of the one-dimensional array, were identified.
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